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Abstract
An arc in a tournament T with n3 vertices is called k-pancyclic, if it belongs to a cycle of length  for all kn. In this
paper, we show that each s-strong tournament with s3 contains at least s + 1 vertices whose out-arcs are 4-pancyclic.
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1. Introduction
A tournament is an orientation of the edges of a complete graph. An arc (a vertex, respectively) in a digraph D with
n3 vertices is said to be k-pancyclic, if it is contained in a cycle of length  for all kn. For k = 3, we say that
the arc (the vertex, respectively) is pancyclic.
In [3], Goldberg and Moon proved that every s-arc-strong tournament has at least s distinct hamiltonian cycles (a
digraph D = (V ,A) is called s-arc-strong if for any set F ⊂ A(D) of at most s − 1 arcs, D −F is strong). Thomassen
[5] conﬁrmed that every strong tournament contains a vertex x such that each out-arc of x is contained in a hamiltonian
cycle. In 2000,Yao et al. improved the result of Thomassen as follows:
Theorem 1.1 (Yao et al. [6]). Every strong tournament T with n3 vertices contains a vertex u such that all out-arcs
of u are pancyclic.
In [6], Yao et al. gave the following conjecture.
Conjecture 1.2 (Yao et al. [6]). A k-strong tournament T has at least k vertices v1, v2, . . . , vk such that all out-arcs
of vi are pancyclic for i = 1, 2, . . . , k.
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According to Theorem 1.1, this conjecture is true for k=1. Combining two results from [4,7], we have the following.
Theorem 1.3 (Li et al. [4], Yeo [7]). Each 2-strong tournament T contains at least two vertices v1, v2 such that all
out-arcs of vi are pancyclic for i = 1, 2.
This means that Conjecture 1.2 is true for k=2. For all k ∈ N,Yeo [7] gave an inﬁnite class of k-strong tournaments,
each of which contains at most three vertices whose out-arcs are pancyclic.
In this paper, we prove that every s-strong tournament with s3 contains at least s + 1 vertices whose all out-arcs
are 4-pancyclic.
2. Terminology and notation
We will assume that the reader is familiar with the standard terminology on digraphs and refer to [1] for termi-
nology not discussed here. In this paper, all digraphs have no multiple arc and no loop. Paths and cycles are always
directed.
We denote the vertex set and the arc set of a digraph D by V (D) and A(D), respectively. A subdigraph induced by
a subset U ⊆ V (D) is denoted by D〈U〉. In addition, D − U = D〈V (D) − U〉.
If xy is an arc of a digraph D, then we say that x dominates y or xy is an out-arc of x, write x → y. More generally,
if A and B are two distinct subsets of V (D) such that every vertex of A dominates all vertices of B, then we say that
A dominates B and write A → B.
Let x ∈ V (D) and H be a subdigraph of D. The set of all vertices in H dominating x (dominated by x, respectively)
is denoted by N−H (x) (N+H (x), respectively). Furthermore, d−H (x)=|N−H (x)| (d+H (x)=|N+H (x)|, respectively) is called
the in-degree (out-degree, respectively) of x in H . We will omit the subscript if the subdigraph H is known from the
context.
A digraph D is said to be strong, if for every pair of vertices x and y, D contains a path from x to y and a path from
y to x. D is called k-strong if |V (D)|k + 1 and for any subset U ⊆ V (D) of at most k − 1 vertices, D −U is strong.
If D is k-strong, but not (k + 1)-strong, then the number (D) = k is deﬁned as the strong connectivity of D.
A subset S ⊆ V (D) with (D − S) = 0 is called a separating set of D. Moreover, a separating subset S ⊆ V (D)
with |S| = (D) is called a minimum separating set of D.
A strong component of a digraph D is a maximal induced subdigraph of D which is strong.
We will use the operation of path-contracting introduced in [1]. Let x and y be two distinct vertices of D and
let P be an (x, y)-path in D. We say that H is obtained from D by contracting P to w, if the following holds:
V (H) = (V (D)\V (P )) ∪ {w}, where w is a new vertex. Furthermore, N+H (w) = N+D(y) ∩ (V (D)\V (P )), N−H (w) =
N−D(x) ∩ (V (D)\V (P )) and an arc with both end-vertices in (V (D)\V (P )) belongs to H if and only if it belongs to
D. Note that uwv is a path in H , if and only if uPv is a path in D. Analogously, if there exists a k-cycle containing w
in H , then there is a (k + |V (P )| − 1)-cycle containing P in D.
It is not difﬁcult to see that the following lemma holds.
Lemma 2.1. Let T be a 3-strong tournament, xyz a path in T and Dw the digraph obtained from T by contracting
the path xyz to w. Then Dw is strong.
Proof. It is clear that Dw − {w} = T − {x, y, z}. Let T1, . . . , Tr (r1) be the strong components of Dw − {w} with
T1 → T2 → · · · → Tr , if r2.
SinceT is 3-strong,we have {x, y, z}=N−(T1)=N+(Tr). It follows that d+T1(w)=d+T1(z)1 and d−Tr (w)=d−Tr (x)1.
Thus, Dw is strong. 
We conclude this section with some useful results from [2,7].
Theorem 2.2 (Camion [2]). A tournament has a hamiltonian cycle if and only if it is strong.
Lemma 2.3 (Yeo [7]). Let D be a k-strong digraph with k1, and let S be a separating set in D such that T =
D − S is a tournament. Let T1, T2, . . . , Tr (r2) be the strong components of T such that T1 → T2 → · · · → Tr .
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Now the following holds:
(i) At least k vertices in S dominate some vertices in T1, and at least k vertices in S are dominated by some vertices
in Tr .
(ii) For every 1 |V (T )| − 1, u ∈ T1 and v ∈ Tr , there exists a (u, v)-path of length  in T .
(iii) If S = {x}, then x is pancyclic in D.
Lemma 2.4 (Yeo [7]). Let D be a strong digraph, containing a vertex x, such that D − x is a tournament and
d+D(x) + d−D(x) |V (D)|. Then there is a k-cycle containing x in D for all 2k |V (D)|.
Lemma 2.5 (Yeo [7]). Let T be a 2-strong tournament, containing an arc e = xy, such that d+(y)d+(x). Then e is
pancyclic in T .
3. Main result
Theorem 3.1. Every s-strong tournamentT with s3 contains at least s+1 verticeswhose all out-arcs are4-pancyclic.
Proof. Let |V (T )|=n. Since T is at least 3-strong, it is clear that n7. Let u1 ∈ V (T ) with d+(u1)=min{d+(u)|u ∈
V (T )}. According to Lemma 2.5, all out-arcs of u1 are pancyclic. Let N+(u1) = {x1, x2, . . . , xt }. It is clear that
s t
(n − 1)/2.
Claim(∗). Let x ∈ N+(u1). If there is y ∈ N+(u1) with y → x, then all out-arcs of x are 4-pancyclic.
Proof. Without loss of generality, we assume x = x2 and y = x1 such that x1 → x2. Let z ∈ N+(x2) and Dw be the
digraph obtained from T by contracting u1x2z to w, where w /∈V (T ). It is clear that d+(z)d+(u1). By Lemma 2.1,
Dw is strong. Now, we consider the following two cases:
Case 1: u1z ∈ A(T ).
It is easy to see that
d+Dw(w) + d−Dw(w) = |N+(z)| + |N−(u1)|
= d+(z) + d−(u1)
= d+(z) + [n − 1 − d+(u1)]
n − 1>n − 2 = |V (Dw)|.
By Lemma 2.4, w is in a j -cycle of Dw for j = 2, 3, . . . , n − 2, i.e., there is a k-cycle in T containing x2z for
k = 4, 5, . . . , n.
Case 2: zu1 ∈ A(T ).
If d+(z)d+(u1)+1, then, with the similar discussion above, we are done. So, we assume that d+(z)=d+(u1)= t .
If Dw − {w} is not strong, then we see from Lemma 2.3 that w is pancyclic in Dw, i.e., x2z is in a k-cycle of T ,
k = 5, 6, . . . , n. Since u1x2zu1 is a 3-cycle and u1x1x2zu1 is a 4-cycle, x2z is pancyclic in T .
If Dw −{w} is strong, then, by Theorem 2.2, Dw −{w} contains a hamiltonian cycle, say C =v1v2 . . . vn−3v1. In the
following, all subscripts of the vertices in C appearing in related calculations are taken modulo n−3, where v0 =vn−3.
For convenience, we denote the subpath vivi+1 . . . vj by C[vi, vj ] for two arbitrary vertices vi, vj of C.
Clearly, u1x2zu1 is a 3-cycle and u1x1x2zu1 is a 4-cycle containing x2z. In the following, we will conﬁrm that x2z
is pancyclic in T , i.e., we prove that there is a k-cycle of T containing x2z, k = 5, 6, . . . , n.
Recall that d+(u1) = d+(z) = t . It follows that
d+C (u1) = d+C (z) = t − 1,
d+C (z) + d−C (u1) = |N+(z)\{u1}| + |N−(u1)\{z}|
= d+(z) − 1 + d−(u1) − 1
= d+(z) − 1 + [n − 1 − d+(u1)] − 1
= n − 3 = |V (C)|.
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Assume to the contrary that T has no (n − )-cycle containing x2z for some  with 0n − 5. Let = t − 1 and
let N+C (z) = {vi1 , vi2 , . . . , vi}. Then we see that N+C (u1) = {vi1−−1, vi2−−1, . . . , vi−−1} (otherwise, vij−−1u1 ∈
A(T ) for some 1j, then x2zvij C[vij+1, vij−−2]vij−−1u1x2 is a (n − )-cycle through x2z, a contradiction).
Note that N+C (u1) = {vi1−−1, vi2−−1, . . . , vi−−1} = {x1} ∪ {x3, . . . , xt } and x1 → x2. Without loss of generality,
let x1 = vi1−−1. We consider the following two subcases.
Subcase 2.1: u1 → vi1 .
Then, x2zu1vi1C[vi1+1, vi1−−2]x1x2 is a cycle of length n −  containing x2z, a contradiction.
Subcase 2.2: vi1 → u1.
If vi1−−2 → u1, then x2zC[vi1 , vi1−−2]u1x1x2 is a cycle of length n −  through x2z, a contradiction.
We have u1 → vi1−−2. Suppose now that C[vk, vi1−−2] is the longest subpath with u1 → C[vk, vi1−−2].
Since vi1 → u1, we have V (C[vi1 , vk−1]) = ∅. Thus, the cycle x2zC[vi1 , vk−1]u1C[vk, vi1−−1]x2 is of length n − 
and through x2z, a contradiction.
Therefore, T has (n − )-cycle containing x2z for all 0n − 5. So, x2z is pancyclic. This completes the proof
of Claim(∗). 
Let A={x ∈ N+(u1)|N−(x)∩N+(u1)=∅}. It is easy to check that |A|1. If |A|= 0, i.e., every vertex of N+(u1)
is dominated by another vertex from N+(u1), then from Claim(∗), we see that all out-arcs of xi are 4-pancyclic for
i = 1, 2, . . . , t . Recalling that all out-arcs of u1 are pancyclic, we have t + 1s + 1 desired vertices.
Now, we consider the case when |A| = 1. Without loss of generality, we assume that A= {x1}. Because T 〈N+(u1)〉
is a tournament, we have x1 → xj for j =2, 3, . . . , t . From Claim(∗), we see that all out-arcs of xj are 4-pancyclic for
j = 2, 3, . . . , t . Considering the pancyclicity of u1, we have t desired vertices. In the following, we ﬁnd the (t + 1)th
vertex whose all out-arcs are 4-pancyclic.
Let W = N+(x1)\N+(u1). Because of d+(x1)d+(u1), we have W = ∅. If there is a vertex y ∈ W with d+(y) =
d+(u1), then y is the desired vertex according to Lemma 2.5. So, we assume that d+(y)d+(u1) + 1 for all y ∈ W .
Now, we conﬁrm that all out-arcs of x1 are 4-pancyclic.
For a vertex y ∈ N+(x1), let Dw be the digraph obtained from T by contracting u1x1y to w, where w /∈V (T ).
If y ∈ W , then yu1 ∈ A(T ). From d+(y)d+(u1) + 1, it is easy to see that
d+Dw(w) + d−Dw(w) = |N+(y)\{u1}| + |N−(u1)\{y}|
= d+(y) − 1 + d−(u1) − 1
= d+(y) − 1 + [n − 1 − d+(u1)] − 1
n − 2 = |V (Dw)|.
By Lemma 2.4, w is in a j -cycle of Dw for j = 2, 3, . . . , n − 2, i.e., there is a k-cycle in T containing x1y for
k = 4, 5, . . . , n.
Now, we consider the case when y /∈W , i.e., y ∈ N+(u1). By using an analogous argument of Case 1 in Claim (∗),
we see that x1y is 4-pancyclic.
Therefore, T contains at least d+(u1) + 1 = t + 1s + 1 vertices whose all out-arcs are 4-pancyclic. The proof of
the theorem is completed. 
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